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Abstract. Macroscopic balance equations of mass, momentum and energy for compressible
Newtonian fluids within a thermoelastic solid matrix are developed as the theoretical basis for
wave motion in multiphase deformable porous media. This leads to the rigorous development
of the extended Forchheimer terms accounting for the momentum exchange between the phases
through the solid-fluid interfaces. An additional relation presenting the deviation (assumed of a
lower order of magnitude) from the macroscopic momentum balance equation, is also presented.
Nondimensional investigation of the phases’ macroscopic balance equations, yield four evolution
periods associated with different dominant balance equations which are obtained following an abrupt
change in fluid’s pressure and temperature. During the second evolution period, the inertial terms
are dominant. As a result the momentum balance equations reduce to nonlinear wave equations.
Various analytical solutions of these equations are described for the 1-D case. Comparison with
literature and verification with shock tube experiments, serve as validation of the developed theory
and the computer code.

A 1-D TVD-based numerical study of shock wave propagation in saturated porous media, is
presented. A parametric investigation using the developed computer code is also given.

Key words: saturated and multiphase porous media, mass, momentum and energy balance
equations, Forchheimer terms, Compaction waves, 1-D numerical simulation, shock tube
experiments.

1. Introduction

The expected significance of research concerning the propagation of nonlinear waves
in porous media is that it can serve as a tool in designing, for example porous plates
covering, say, shelters or aircraft wings enabling the attenuation of the blast intensity.
The analysis of changes produced in waves velocities may lead to the identification of
different underground fluid pockets. Such modeling can also develop a methodology
for cleaning groundwater from trapped contaminants which are localized at specific
sites. It can explore the effect of shock waves sweeping over dust layers or sand
dunes. Such modeling can also develop a methodolo*gy' for pressure amplification
when shock waves are discharged towards a collision at a focal point.
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A porous material as defined by Gibson and Ashby [18] is a material ‘made up of
an interconnected network of solid strata or plates which forms the edges and faces
of cells’. In general, porous materials can be divided into flexible or rigid. We use
the term rigid in the loose relative sense which is common when applied to porous
materials in general, and foams, in particular, that is the strain does not exceed a few
percent. Unlike flexible porous materials which can undergo very large deformations
(the strain can reach values larger than 0.9) even when moderate forces act on them,
rigid porous materials do not exhibit usually large deformations. Many researchers
have investigated experimentally the interaction of planar shock waves with flexible
porous materials, e.g., Gelfand ez al. [17], Gvozdeva et al. [21], Henderson et al. [24],
Skews [46], Skews et al. [47] and Ben-Dor et al. [10]. Experimental investigation
of the head-on collision of planar shock waves with rigid porous materials were
reported by Sandusky and Liddiard [45] and Levy ef al. [30]. In all the above-
mentioned studies the pores of the porous material were air saturated. The interaction
of planar shock waves with water saturated or unsaturated porous materials was
reported by Zaretsky and Igra [53] for flexible polyurethane foams and van der
Grinten et al. [20] for solid porous materials which were made by gluing together
sand particles.

In recent years, the authors were involved in developing the theoretical basis
and experimental verifications for wave motion in multiphase deformable porous
media ([7-11, 26, 27, 29-35, 38, 48-52]). These were formulated in the form of
macroscopic balance equations of mass, momentum and energy for compressible
Newtonian fluids within a thermoelastic solid matrix.

In general, two type of approaches have been employed by researches for treating
the above-mentioned interactions.

1.1. THE SINGLE PHASE APPROACH

The basic idea in the single phase approach is to replace the solid matrix ()5, and the
fluid ( )¢, occupying the pores, by a single fictitious phase. This approach has been
applied in two different ways. The first, known as the bulk approach is appropriate
for both flexible and rigid porous materials. The second, known as the pseudo-gas
approach, is appropriate to gas saturated weak flexible porous materials.

1.1.1. The Bulk Approach

In this approach, the porous material is assumed to be a single phase whose properties
are derived from the properties of the individual phases comprising it. The Lagrangian
governing equations describing the head-on collision of planar shock waves with
flexible foams were developed by Mazor et al. [38]. Numerical simulations based on
this model were conducted by Ben-Dor ef al. [10]. Relatively good agreement was
evident when the numerical predictions were compared to experimental results.
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1.1.2. The Pseudo-Gas Approach

Gelfand et al. [17] proposed a pseudo-gas approach, in which the gaseous phase and
the foam matrix are treated as a homogeneous pseudo-gas with new properties. As a
result of this approach, the interaction problem is reduced to the refraction of a planar
shock wave at a gaseous interface (that is the interface separating the pure gas and
the pseudo gas). Consequently, the flow field can be calculated using gas dynamic
relations with the boundary condition that the pressures and the velocities in the flow
states in either side of the gas/foam interface are equal.

Gvozdeva and Faresov [22] adopted Gelfand et al.’s [17] pseudo-gas model and
presented an analytical model for the calculation of various parameters in the flow
field (for example, the compaction wave velocity, the compaction induced flow
velocity, etc.).

A similar approach was adopted by Li and Ben-Dor [35]. However, their model
was limited to analytical predictions of the flow field in the vicinity of the gas/foam
interface immediately after the front edge of the foam was struck head-on by the
planar shock wave.

1.2. THE MULTIPHASE APPROACH

In this approach, the porous medium is considered as a multiphase in which the
various phases interact with each other. A detailed description of this approach was
given by Baer and Nunziato [5]. A one-dimensional two-phase analysis of air as the
fluid phase was presented by Baer [3] and Powers et al. [44]. In addition to numerical
solutions, Baer [3], Powers et al. [44] and Levy et al. [31] also presented simplified
analytical models for calculating the jump conditions across compaction waves in
rigid porous materials.

Biot’s [12] work on compression waves propagation was probably the first one to
employ the fundamentals of porous media mechanics. A large number of papers have
appeared in the literature following Biot’s pioneering work. Among the recent ones
are those by Smeulders et al. [48], Degrande and de Roeck [14] and Nigmatulin and
Gubaidullin [41]. Basically these refer to microscopic representations of the phases’
balance equations within the framework of the theory of mixtures. Most refer to linear
waves which take place when momentum dissipation terms dominate. As an example,
Attenborough [1] presents a theory dealing with the motion of sound waves through
an ideal saturated porous matrix with parallel cylindrical pores. Using microscopic
physical parameters, he extended this to account for randomly distributed pores. An
extensive literature survey of similar approaches is given by Corapcioglu [13].

A series of shock tube experiments in which the interaction of weak planar shock
waves with low density flexible foams was conducted by Skews [46]. Baer [4] pre-
sented an analytical model, based on the continuum mixture theory for describing the
shock-foam (porous material) interaction phenomenon. His numerical simulations
were found to agree quite well with Skews [46] experiments. For these experiments,
better resolutions were obtained by Olim et al. [43] who considered the matrix as
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dust particles. As a result, the problem was replaced by the well known problem of
calculating the relaxation zone in dusty shock waves (for details see Igra and Ben-
Dor [26]). In the momentum interaction they replaced the classical expressions for
the drag force by Darcy—Forchheimer forces. Olim er al. [43] noted correctly that
this approach can be justified only for infinitely weak foams in which the internal
stresses are negligibly small.

Macroscopic mass, momentum and energy balance equations for the fluid phase
and the solid matrix were formulated on the basis of representative elementary volume
(REV) concepts by Bear and Bachmat [6]. Based on these, Bear and Sorek [7] devel-
oped the dominant macroscopic forms of the mass and momentum balance equations
following an abrupt pressure impact in saturated porous materials under isothermal
conditions. It was shown that during a certain time period, due to the domination
of momentum inertial terms, the fluid momentum balance equation conforms to
nonlinear wave forms.

This initiated the establishment of the macroscopic theoretical basis for wave
motion in multiphase deformable porous media.

Bear et al. [8] and Sorek et al. [49] elaborated on these for the case of thermoelastic
porous media, describing the theoretical basis for obtaining displacement and shock
waves, respectively. Following Sorek et al. [49], Levy et al. [32] introduced additional
Forchheimer terms and obtained a variety of nonlinear wave equation forms. These
together with the development of the evolving balance equations following an abrupt
simultaneous change of the fluid temperature and pressure, are the major novel
theoretical aspects when compared with Nikolaevskij [42].

Based on the findings of Powers et al. [44], these macroscopic equations were
simplified by Levy et al. [31] who proposed analytical expressions for calculating the
jump conditions across compaction waves in rigid porous materials. The predictions
of the model developed by Levy et al. [31] were found to be better than those of
Powers et al. [44] when they were compared to the experimental results of Sandusky
and Liddiard [45].

Krylov et al. [27] presented a 1-D simple analytical solution of the macroscopic
isothermal case. The wave equation was transformed to Euler’s equation describing
the motion of a ‘new’ fluid with properties related to the fluid which actually occupied
the pores of the porous material. A similar analytical solution was presented by
Sorek et al. [51] for the nonisothermal case. In that study they presented a method
leading to generalized fluid density, pressure and temperature. Using their generalized
properties Euler’s equation was rewritten as the 1-D expression for the analytical
solution of the fluid’s equation of motion. To obtain this, the porosity, the matrix
strain and temperature of the solid were developed as explicit functions of pressure.

The coupled changes between solute’s mass balance equation and the ‘new’ fluid
wave equation, were developed theoretically and solved analytically for a 1-D case
by Sorek and Levy-Hevroni [50] and Sorek [52] for nondeformable and deformable,
respectively, saturated porous media.
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In the following we will present the development leading to the macroscopic
nonlinear wave equations for a fluid in saturated deformable and thermoelastic porous
media.

2. Phase Balance Equations

As a starting point for analyzing the motion of a phase, that is the spatial and temporal
changes that it may undergo as a result of various excitations, Bear and Bachmat [6]
describe the general form for a microscopic balance equation for an extensive quantity
in a single phase continuum. The microscopic balance equations for each phase are
then transformed by averaging rules, Bachmat and Bear [2] and Bear and Bachmat
[6], into macroscopic equivalents using REV concepts.

2.1. MACROSCOPIC BALANCE EQUATIONS

In a saturated porous medium, a compressible Newtonian fluid and a thermoelastic
solid matrix, the phases’ macroscopic balance equations, neglecting their dispersive
flux terms, read:

The fluid mass balance equation:

a —f _f—f

E(tb,of) ==V (90 Vs ). o))
The solid mass balance equation:

d <
rriiChe $)pl ==V - [(1 —$)pVs 1, 2

where & denotes the average of an intensive variable e, over the a-phase (o = f, s)
within the REV, p denotes the mass density of the phase, ¢ denotes the porosity and
V denotes the mass weighted velocity of the phase.

The general form of the momentum balance equation for the « phase, assuming
that the micoroscopic solid—fluid interface S is material to mass flux, reads

0 —
PACRCAR +ai]

= V[0V VS — T+ V" + (0o Vo) Vo )]+
1 S
+— | o, £ds +6,0.F , 3
uo st
in which 6, denotes the volume fraction of the « phase, o, denotes its stress tensor,
F, denotes its body force vector, Uj denotes the REV volume, § denotes a unit vector

—a o o ¢
perpendicular to the REV interface and d¥ (= 0.V, ) denotes the variations vector
(within the volume of the « phase in REV) from the specific momentum of the o
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phase. In obtaining the macroscopic momentum balance equations, we neglect d¥
o e e
Pa Vo Vo )

compared with the advectlve one (,o"V V..

(.e.,

To evaluate the value of d{l” , we need to solve separately the momentum balance
equation of the deviation terms. Concerning the fluid, this reads

d  — —f_, Tt
E(tﬁd?’f) =-V. [qb (dé”fVﬁ + (pr Vi) Vs )] ) )

We note that the first RHS term in (4), represents an advective flux of this momen-
—
tum balance equation. To solve ford¥ " in (4), we need first to solve the macroscopic

mass and momentum balance equations from which we will estimate ‘Tff, the phase
macroscopic velocity. Moreover, as an approximation of (4), we can assume that the
second RHS term (the dispersive flux of the momentum) is negligible in comparison
to the advective one.

Unlike Bear and Bachmat [6], for high fluid velocities and based on the micro-
scopic momentum balance equation of the fluid at Sy, the solid—fluid interface, we

assume
Vg, O, el « P + 0Z 4 aVx, £,
Px; ar % j ox, ,Ofga % PV ;o %, j

in which 7, ; denotes the shear stress tensor of the Newtonian fluid, P denotes its

pressure, g denotes the gravity acceleration vector, Z denotes the altitude parallel to
g. We then obtain,

(&)

The fluid momentum balance equation:

—f Ds

oh —(Vf) —¢TH(VP' + plgVZ) — <t P
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+ pEI = Tf*)(Vg, + ¢VV;) - Vi +
+ @+ V)YV g+ ¢V - V) — (V- Vi)Vl +
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—Fq.q: +

where D, /Dt = 3/0¢ + V, - V denotes the material derivative, which expresses the
rate of change from the point of view of an observer traveling at the velocity V., if

—f . Cy . ..
and A{ denote, respectively, the first and second fluid viscosities, cr denotes a shape
factor, o denotes a tensor associated with the matrix directional cosines,_Af denotes
the hydraulic radius of the pore spaces, I denotes a unit tensor, q,(= ¢V;) denotes

the specific flux related to the relative velocity V (= Vi — V') and F denotes the
third rank Forchheimer tensor.
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Note that the Forchheimer term originated from a microscopic inertial term
at the solid—fluid interface (see also Du Plessis and Masliyan [15] and
Du Plessis et al. [16]). This is in contradiction to the assumption made by Hsu
and Cheng [25], Nield [39, 40], and Olim et al. [43] who refer to it as a drag force.

The porous medium momentum balance equation
By summing the macroscopic momentum balance equations for the fluid and for the
thermoelastic solid phases, the rate of momentum exchange across the solid—fluid
interface is eliminated and we obtain the momentum balance equation for the porous
medium as a whole in the form

_ Dy — D - o= —s  — _

o5, (V) + 005 (Vo) = —¢p{(V:V -V + VIV V) + V-6 +

_ 1
+ gVZ + — | (of —05) - §dS, 7
uo st

where py, denotes the bulk density, given by

o = ¢pf + (1 — $)5, ®)
the total bulk stress & is given by

G =95l + (1 —9)6s =6 + 6, )

in which &/ denotes the effective stress tensor for the thermoelastic solid matrix in
which its constitutive relation is assumed to be similar to its microscopic one,

&, =2ueq + V5 eq — (T — Ty )L (10)

T, denotes the a-phase temperature, i/, A7 and 7j denote the Lame’s constants
for a thermoelastic solid matrix, €4 and &5 denote, respectively, its strain tensor and
volumetric strain associated with wy, its displacement vector, and defined by

e = 3[VWs + (VW)T], &4 =V -w, (11)

In writing the macroscopic energy balance equations for the fluid and the solid
phases, we assume linear thermodynamics, omit external energy sources and the
energy associated with the fluid shear tensor i'ﬁ (viscous dissipation) is assumed to
be negligible. We thus obtain:

The fluid energy balance equation:

—f

3| | =t (V&)?

— C T

a7 [d’m[ tTr + 5

= TPV, Vo - TV 9P V) — o™ (T T +
~f
— c ~ _ s —
+V - [2—;2 %F argr + AL A — TH(Vg, + ¢V Vy) - v:] -
f
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+ V- [$DV(CiHTT) + $AVT ], (12)

where C, denotes the constant specific heat at constant volume for the fluid phase

(@ = f) or at constant strain for the solid matrix (o = s), Ea denotes the thermal
conductivity for the a-phase, o*" denotes the heat transfer coefficient and D*H
denotes the dispersive heat tensor for the fluid.

The solid energy balance equation:

3 e (V)2

=T - T) = TPV, Vo + TV - [(1 — 9) PV = V- (0! V) —

v cr '5{"' —~f * —5. =S
) A s - V|
; [ZA% 5 T + 51— T)(Vge + 49 V) Vs]
{ [ s (vss)z]_s . _S}
-V d=9)o5 | CsTy + Vo —(1—¢)as VT, ¢ . (13)

The set of balance equations (1), (2), (6), (7), (12) and (13) together with the defini-
tions (8)—(11) can be solved for the macroscopic flow properties, given appropriate
values for the various expressions representing the effects of small-scale features
on the averaged large-scale flow. From hereafter we will refer to the macroscopic
equations only and, accordingly, the (_)a designator will be omitted.

3. Dominant Forms of the Balance Equations Evolving After Abrupt
Simultaneous Changes in Fluid Pressure and Temperature

In what follows we will describe the form of the dominant balance equations in a
saturated porous media, obtained after abrupt simultaneous changes (e.g., in a well)
in fluid pressure and temperature. Our objective is to analyze the order of magnitude
of the flux terms appearing in the obtained macroscopic balance equations in order to
eliminate nondominating ones. To achieve this goal, a dimensional analysis is carried
out in which all the terms are compared with those associated with the rate of fluid
pressure and temperature changes. In doing so, we follow Bear and Sorek [7], Sorek
et al. [49] and Levy et al. {32]. Similar investigation can also be found in Sorek [52]
in the case of abrupt change in pressure together with the problem of solute transport.
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3.1. PERIOD OF UNIFORM DISTRIBUTIONS OF PRESSURE, STRESS AND TEMPERATURE

At the instant of abrupt change in the fluid’s pressure and temperature, the nondi-
mensional factors associated with these rates are of order one while all others are
much smaller than one. This yields an approximate fluid mass balance equation in
the form,

apP aT; T;
(ﬂP— + Br f) + Vg, (ﬂPa—P ﬂr%) =0 (14)
j

for a compressible fluid (pf = pe(P, Tt)), denoting Bp and Bt as its pressure and
temperature compressibilities, respectively. The solid matrix is deformable (¢ =
¢(P)) and assuming |d¢/d¢t| > |Vs - V@|:

The fluid’s momentum balance equation becomes

s, 2 : 0. (15)
The porous media momentum balance equation reads

Vo, =(1-¢)p;gVZ. (16)
The fluid energy balance equation is given by

Ve + Vs|VT; - VT; = 0. amn

From (15) and (17) we note that P and T have constant distributions. Thus, this
together with (14) yields
oP aT;
Poor = —Pr . (18)

Note that in view of (14) and (18), although the fluid is considered compressible,
during this first time period it behaves as if it was incompressible, i.e.,

pr = const. at t=0+4. (19)

The solid energy balance equation becomes
D,T;

(1 — @) psCs Dr =0, (20)
hence, T, remains constant along characteristic curves defined by

Dgx,

=V;, 21
Dr s (2D

where x; denotes the position vector along the characteristic path. The pressure and
the fluid temperature impulse propagate without spatial attenuation over a character-
istic, (), distance LY defined by

LY=o (L) (22)
ot Bp V£
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Hence, with the increase in time (f = 0+) at the onset of the fluid’s pressure and
temperature, throughout the LF distance the fluid density will remain constant. This
constitutes a linear ratio between the change of the fluid’s pressure and temperature,
both of which are uniformly distributed in space. The effective matrix stress is
vertically uniformly distributed and constant elsewhere and its temperature and rate
of change are related to its velocity.

3.2. PERIOD OF NONLINEAR WAVE PROPAGATION

After the first time period, it was concluded (Levy et al. [32]) that the fluid and the
solid mass balance equations, remain in the form of (1) and (2), respectively.
During this time period, the fluid momentum balance equation conforms to

P dZ ct
éps _(Vf,) + ¢T¢, (— + o g—) YY) Fiju dpe Vi, Vi, = 0. (23)

a a
We subtract the fluid momentum balance equation from the porous medium
momentum balance equation and assume that |(1 — @) ps| > |@poc (T — TF)|.
The obtained solid momentum balance equation, reads

P 9Z
a —¢)ps (Vs,)+ a —¢)( 9%, +psga—) -
l
995,
T ax;  2AZ Fije i Ve Vi, = 0. 24
J f

The approximate energy balance equations conform to:

The fluid energy balance equation

Ds D¢ a ao
— . —(V;, | —(@@P PV
ot [Cf Dt(Tf)+Vf, Dt( f,)] + Tt |:8x,- (@PVg,) — S ] +

C ~
+ 5 Fiji 61 Ve, Vi Ve, = 0. (25)
2A?

The solid energy balance equation

1 [C Ds T,) + V. EV ]+
(I —@)ps SE( s) sj Dt( 5;)

a a
+ T3 [—(1—¢)P S+ PV, d’] =
7 dx; ' 9
a S/l_[ Cf =
- ax’ Vsj - 2_A12-Fijk ¢prr,~ Vrk VS_,‘ =0. (26)

On the basis of nondimensional scalars of the same order we note that the time span
during which (23) to (26) are valid is given by

f
P (M) . @n
4
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During this period of evolution, inertial terms dominate and we note the emergence
of nonlinear wave equations.

Actually, two more evolution stages are reported in Bear and Sorek [7] and Levy
etal. [32]. During the third time period, the dissipative effects in the balance equations
arise and become of the same order of magnitude as the inertial terms. During the
fourth time period, the dissipative terms are dominating over the inertial ones. The
various forms of the dominant balance equations during the third and fourth time
periods are beyond the scope of this manuscript.

4. Analytical Solutions
4.1. ACROSS STRONG COMPACTION WAVES IN GAS SATURATED RIGID POROUS MEDIA

Based on experimental results and some additional simplifying assumptions, we show
that the general macroscopic equations governing the flow field which is developed
in a gas saturated rigid porous medium domain can be simplified to a form which
enabled us to develop two analytical models for calculating the jump conditions
across strong compaction waves.

Predictions obtained by these two simplified analytical models were compared
to the experimental results of Sandusky and Liddiard [45] and to predictions of
the model proposed by Powers et al. [44]. Fairly good to excellent agreements are
evident.

In view of (1)—(13), we can write the /-D mass, momentum and energy balance
equations of the porous medium as a whole. This we do by combining the fluid and
solid balance equations, for each of the balance equations, noting that for the 1-D case
T = T = 1. Dimensional analysis of these combined balance equations showed
that the gaseous-phase terms were negligible in comparison to the solid-phase terms.
Thus, the 1-D porous medium balance equations of mass, momentum and energy
could be approximated by those of the solid-phase ones. These, upon dropping the s
subscript (e.g., 6 = 6; = 1 — ¢), read respectively

P P
5(9,0) + 5(9,0‘/) =0, (28)
a()V)+i(0 V:i4+60)=0 (29)
E(p 3z 0P o) =0,

9 Voo (7 + Vz)]+ 0 [9 V<I+Xi+g)]—0 (30)
5[’)( 2 ax |7 2 p)| T T

Based on findings of Baer [3] and Powers et al. [44] that the velocity of compaction
waves is almost constant, one can further reduce (28)—(30) by applying the well
known Galilean transformation (Ben-Dor [9]), i.e.,

d
E(()pu) =0, 31



74 S. SOREK ET AL.

4 6pu? +60) =0 32
a pu 0)=0, (32)
d W o

E(I+7+;)=O’ 3)

whereu = V—D, ¢ = x —Dt and D denotes the constant velocity of the compaction
wave.

The above set (31)~(33), consists of three equations and five (¢, po, u, 0,1)
unknowns. Following Powers et al. [44], we add the caloric equation for the solid
phase
A + S’

p =1 »p
where y and S are parameters that define Tait’s equation of state. The value of y
is chosen to match the Hugoniot data. It is analogous to the specific heat ratio for
equation of state of an ideal gas, S is the non-ideal solid parameter. When S = 0, the
equation of state is referred to as being ideal. An additional equation can be based
on empirical relations (see, for example, the compaction equation in Powers et al.
(44]). However, the parameters of this may need to be correlated with each separate
experiment. Instead, we will prescribe one of the unknowns.

In what follows, we describe two simplified models. In the first, we assume that
the solid phase density remains constant while in the second, post compaction wave
porosity ¢, is close to zero. The relations, as obtained from these two models, are
presented in terms of X;; = X,/X; where X denotes a property of the solid phase
(e.g., 0, o, u, etc.), and the indices 1 and 2 denote location ahead and behind the
compaction wave, respectively.

(34)

4.1.1. Model I: Post Compaction Wave for Small Porosity Values

It can be assumed that the solid phase starts to be compressed only when its volume
fraction 6, approaches unity. Hence, when 60, is sufficiently smaller than unity, the
solid phase can be assumed to be incompressible (0 = p; = p). Under these
assumptions (31)—(33), together with (34), can be integrated to read

6D = 6,(D — u), (35)
610D + 6101 = 6,0(D — u)* + 6,02, (36)
D2 D — 2

y 01+S+_= y o+S ( u) , a7

-0 »p 2 (-1 »p 2
(35)—(37) can be combined to
A+1/6

Oyy = _-*__/_2_1 (38)

A+6y°
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where
=17 (39)

Note the similarity between (38) and the well known Rankine-Hugoniot equation
which relates the pressure to density ratios across shock waves in gases (e.g., Glass
and Hall {19], p. 66). When rewriting (38) as a function of 8,;, it becomes evident
that 6, — — A when 037 — o0 and that 6;; = 1 when 051 = 1.

In order to relate the normal stress ratio across the compaction wave to the
compaction wave, M (= D/c,), Mach number, we use Powers et al. [44] to express
c1 the sound speed in the solid (c = +./d0/3dp), ahead of the compaction wave.
Combining (35), (36) and (38) yields

[ (A — 1)y ]‘/2
y(1+8)(A +62)
where S = S/oy.
The nondimensional velocity of the solid phase, Uy; = uy/cy, can be obtained
by combining (35) and (40),
_2{(1+8)m2-1]
T 0+ na+dM,
We note from (41) that U; depends on the non-ideal behavior of the material, also
U21 = 0 when o971 = 1.

(40)

41

4.1.2. Model Il: Post Compaction Wave for Porosity Very Close to Zero

In the case of 8 — 1, the assumption that the solid phase is incompressible (i.e.,
p1 # p2) can no longer be valid. We thus substitute 0, and o in (35)—(37), to obtain

_—Aou+(1-MS+6;,
T A+ (1-AS+600
From (42) we note that p; — —A/6;; when o337 — oc¢ as well as that pp; = 1
when 07; = 1 and 6;; = 1. It is also evident that for the incompressible solid (i.e.,
1 = 1), (42) conforms to (38).

Following a procedure similar to the one outlined earlier, the compaction wave
Mach number can be calculated from

o A0 [(1+8)621 p21 — 1 + 62 )]

(42)

23

: : “3)
y (1 +8)(1 — 612 p12)(621 p21 + A)
The solid nondimensional velocity U,; can be calculated from
U \[(A — (= 612012 [(1 + 8)621 p21 — (1 + 61 5)] .
21 = - .
y(1 +8)(021 p21 + A)

By virtue of (44), Uy; = 0 when gy = 1 and 653 = 1.
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Table 1. Comparison of analytical models with experiments of
head-on collision of planar shock waves with rigid porous materials

Sandusky and Liddiard Powers et al.’s  Present

Experimental Data Model Model I
(1985) (1989)
62 0.91 0.83 0.83
D 300 340 365
(80), 3.4 x 107 4.5 x 10’ 4.74 x 10’
P21 not available not available 1*

Table II. Comparison of analytical models with experiments of head-on collision
of planar shock waves with rigid porous materials

Sandusky and Liddiard Powersetal.’s Present Present
Experimental Data Model Model I Model IT
(1985) (1989)

62 0.95 0.97 1 1**

D 370 410 365 370

(05)2 5.9 x 107 6.2 x 10’ 571 x 107 5.8 x 107

P21 not available 1901/1900 1* 1901/1900

T, = 300K, p; =1900Kg/m3, C;=1500J/(KgK)
S§=8.976 x 106m?/s?2, y =5, 6, =073, u;=100m/s
(x) The model assumes an incompressible solid.

(x*) This was imposed as an input.

4.1.3. Results and Discussion

The experimental results of Sandusky and Liddiard [45], the predictions of the
empirical model proposed by Powers et al. [44] and those of our simplified an-
alytical models are shown in Tables I and II, for two cases of different initial
conditions.

In the first experiment, the post compaction wave volume fraction of the solid
phase was sufficiently less than unity, i.e., 6, = 0.91, and hence, only Model I could
be used.

In the second experiment, the post compaction wave volume fraction of the solid
phase was 0.95. First we applied Model I from which we obtained 8, = 1. For this
reason we decided to apply Model II.

Note that both Models I and II are not as good as the empirical model of Powers
et al. [44] in predicting 6,, yet both are much better in predicting D and (60),.
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We thus conclude:

1. Model II could be practically applied for 6, > 0.95.

2. Using the compaction equation is much more essential when 6, is sufficiently
less than unity. Dropping this equation when 8, — 1 seems to be justified.

3. The simplified analytical models are sufficient for estimating the post compaction
wave properties behind strong compaction waves propagating in air saturated
rigid porous materials.

4.2. WEAK WAVES IN GAS SATURATED RIGID POROUS MEDIA

In the following we describe a 1-D, horizontal direction, simple analytical solution
for the fluid wave equation. The assumptions used are:

The solid phase preserves its volume.
The microscopic solid—fluid interfaces are material with respect to the momen-
tum of both phases.
There are no external energy sources.
The conductive and dispersive heat fluxes of the phases is negligible in com-
parison with their advective heat flux.

o The rate of heat transferred between the fluid and solid phases is negligible.

Based on this conceptual model, we obtain the 1-D balance equations.

We consider the traveling wave propagating, say, in the positive direction of the
x-axis. In such a wave all the quantities are functions of (x — ct), where ¢ denotes
the linear speed of wave propagation. Thus, the porosity may be represented by the
real part of a complex expression

¢ = Re[A e i@ kD] (45)

where @ denotes the wave frequency and k denotes a displacement factor per unit
length. Actually, we can write,

w
c=‘ﬂ>>|Vsl- (46)
By virtue of (45) and (46), we can confirm a previous assumption, namely,
a1 —¢) a(1 —¢)
_ Vo———|. 47
‘ o ‘ d\Cury 47)

Furthermore, the nondimensional form of (47) can be viewed in terms of Strouhal
number St°[= L¢/(t¢ V¥)]. Letting & = s and e = ¢, (47) will dictate St® >> 1.
Similarly, letting e = w,; we may assume

Ws

L
St = t_wsc_vs > 1. (48)
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We can therefore write
Dsws |, 0w
Dr ot
In view of (11) the definition for the volumetric strain: (47) and (49), we obtain

s —

(49)

The solid mass balance equation:
1 3¢ _ 3V _ Odeu
(1—-¢) ot dax ot
Thus by virtue of (50), V; and ey may be represented in a way similar to (45). Hence,
their spatial and temporal changes read

(50

5|1l =Wl 51

In view of (46) and (51) we conclude that,

lesk] < 1. (52)
Integrating (50) in view of (52) we obtain

1—

ﬁ = exp(—ew) = 1 — £y, (53)

in which we assume that &g (.0 = 0 and where ¢¢ (= ¢(x, 0)) denotes an initial
porosity.

Conceming the fluid’s mass and momentum balance equations, we may define
‘new’ fluid quantities (),, by the following,

Pn = dps (54)
and

9P, «, 0P

ax Iro ax’ (55

In view of (54) and (55) we rewrite, respectively, the fluid’s mass and momentum
balance equations in a form equivalent to Euler’s equation describing the propagation
of simple (Riemann) fluid waves. These balance equations become

The fluid mass balance equation:

Dt pn %
Dt Pn dax

=0. (56)

The fluid momentum balance equation:
DiVi 1 0P,
—_— 4+ — =0. 57
Dt + Pn 00X 57
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Following Landau and Lifshitz [28], and the requirement that the fluid velocity is a
function of its density, we can on the basis of (56) or (57) write the pressure wave
equation of the ‘new’ fluid

9P, +(V, £ )8P,, 0 (58)

C; =

ot T ax ’
where V}, and ¢, denote the ‘new’ fluid velocity and its sound velocity, respectively,
given by

Podp, dpP
Vn=:i:f z Cy == z (59)
0 PnCn dpn

Note that with the absence of heat exchange between the phases, we regard the
motion as being adiabatic for the solid and the fluid. In such a case the specific entropy
st, of the fluid remains constant (i.e., isentropic). Actually, when we assume that the
processes of energy dissipation are negligible, we refer to ideal fluids, the motion of
which must necessarily be adiabatic. By subtracting from the fluid’s energy balance
equation its mass balance multiplied by s¢, we obtain

The fluid energy balance equation:

Dfo
—=0. 60
Dr (60)
The solid momentum balance equation:
D, Vs Al 3°ws n oT; T} 3P

Dr  pi—9) 352 p(—9) 3x " ps ax O ©h

The solid energy balance equation:

DT, ATA
1-— —_— T, =0. 62
( @) ps Cs Dt + nT; ax (62)

4.2.1. The Isothermal Case
By virtue of (48) and (49) for the isothermal case we rewrite (61) as

The solid momentum balance equation:

P?ws 3wy  Tr P
s = _— =0, 63
o7 ~Saxz T p, ax ©3)

where ¢; denotes the speed of propagation of the displacement wave in the solid
phase given by
2 Ay

c,=—-.
: ps(1 — @)

(64)
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In view of (63) considering M;(= V,/c;) the solid phase Mach number, we assume
that

St'M? « 1, (65)

which in view of (48) implies the motion of a weak wave (M; <« 1) and that the
solid inertia in (63) is negligible so that the solid momentum balance equation can
be approximated by

A 35sk T* oP

R ) (66)

Substituting (53) into (66) when considering (52), we integrate (66) for £ and obtain
— P

"
A'S

P
esk = (1 — )¢ T, inwhich ¢ =

<1, (67)

where ¢ = 0 at P = Py. Actually we note that £ in (67) is negligible for many
practical means for example when considering solid porous materials such as SiC or
Al, O3. We relate this to the fact that AP (= P — Py) is of many orders smaller than
Al as exemplified in the case of a head-on reflection of shock waves (Liepmann and
Roshko [37]).

In view of (53), (67) and the compatibility relation in (11), we obtain

1_
p=d0+ L0~ G0PTS 2o, wy= 1

T} /x (P — Py)dx. (68)

Based on our findings for the solid phase we can relate the fluid quantities with those
of the ‘new’ fluid. Substituting (68) into (54), by virtue of (67), (55) and assuming
that P,(x, 0) = O we obtain

Pn = o pr, Py = ¢o(P — P)T". 69
In view of (54), (55), (64) and (68), we expand ¢, of (59) and the compressibility 8,
of the ‘new’ fluid can be approximated. These now become

Bp
TH[1 — A7 /(pscH]’

12

2 =T, Bn (70)

in which the fluid compressibility gp (= (1/p¢) dps/dP = 1/(p¢ c?)) is related to
its sound velocity. For typical solid density (o; = 2000Kg/m?) and solid sound

velocity (c; = 7000m/s), we always have 1”/(ps c?) > 1, while T*/(Bp 1)) < 1.
‘We also note that for 8p > 0 we obtain 8, < 0.
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4.2.2. The Nonisothermal Case

Let us first start with the solid phase and assume that

L%
Sth=—"<—>1. @)

1 vs

Considering (11), (53) and (71), we rewrite (62) the solid energy balance equation
in the form

aT,/dt ey /ot

1- =
(1= 9o, o= 112 = =0, (72)
from which, by virtue of (52), we obtain,
NEsk
I,=T,|1 - ——m|, 73
® [ (1 —¢o)ps Cs] 73

where T, denotes the solid temperature at e = 0.
In view of (11), (48), (49), (53), (65) and (73), we approximate (61) the solid
momentum balance equation, to read

A d oP
eff x
—(1 — =T*— 74

=gl =) 350 o0 =T 50 (74)

in which
T. aZAl/
Aeff = |1+ —22=— [V =27, 75
o= [1+ T = 7%

where «; denotes the thermal expansion coefficient (related to 7 the thermal stress co-
efficient,i.e., n = a, A;). The approximation in (75) is possible for thermoelastic rigid
materials (e.g., SiC or Al;03) and when considering the appropriate order of mag-
nitudes, i.e., A = 400GPa, Ty, = 300K, ay = 5 x 10°K-!, C; = 1000J/Kg/K,
ps = 2000Kg/m3 and 0 < ¢ < 1.

Solving (74) in view of (52) and assuming that P = P, at e = 0 yields

L A — ¢TI
="
Aeff

In view of (75) and (76) when substituted into (73), for different values of p; it is
evident that practically

(P — Po). (76)

T, =T, an
When substituting (76) into (53) we obtain

1 — ¢g)2T*
¢=¢o+(—%w _ Py, (78)
eff
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Accordingly, using (76) and referring to (11), the compatibility equation, we write,

_ 1 — ¢
Aeff

Concerning the fluid phase, we need to address six variables (¢, o, P, Tt, Vg, s¢).
For these we have three balance equations, (56), (57), (60), and (78) a relation for
the porosity. We thus add constitutive laws assuming that these macroscopic forms
are similar to their microscopic counterparts while the coefficients (to be determined
experimentally) are different in value from those of the microscopic ones. For an
ideal fluid we can thus add the relation

P P )Cf/cp (Sf — 5f, )
L) (P —exp (TS0 (80
(Po) ( ot P Ce )

where pg, and sg, are reference values obtained when P = Py and Cp denotes the
fluid specific heat at constant pressure. We also write the equations of state for a
perfect gas in the form

P

= 81
ot RT: (81)

Ws

T f " (P = Pydr. (79)

in which R denotes the specific gas constant.
Substituting (78) into (55), integrating, and in view of (80) we obtain

P, =[A+{B(P - Po)] (P — Po) = A(P — Py), (82)
where
(P — P)’T} T}
Aeff

We note that in view of the approximation expressed in (75), B is practically negligible
and P, is approximated, accordingly. We can rewrite ¢ in terms of P,, this in view
of (78), (82) and (83) becomes

VA2 +2BP, _

i -

A=¢Ty¥ and B= <K 1. (83)

¢ = do. (84)

We note that the approximate forms of (82) and (84) are in line with the isothermal
case. By virtue of (54), (82) and (83), we can also rewrite the constitutive relation
(80) in the form

Cp/C
exp(sf—sfo) B ( A2+2BPn—A) (,/A2+2BP,,@) e
%) - -

Ce BPy f Pn

1 Cp/Cs
~ (1 +— ﬁ) (¢ng0_> . (85)
AP On
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Altogether, we now face four (o,, Vi, Py, s¢) variables. To solve for these variables,
we have three balance equations (56), (57), (60) and a constitutive relation (85). It
is noteworthy to find an expression for the temperature 7, of the generalized fluid.
This will also allow us to write the generalized state function commencing from (81).

We start by introducing the relation for the generalized enthalpy A, (Py, st). Using
the definition for the enthalpy we postulate that

dp,

dh, = T, ds; + , (86)
Pn

from which we have

1 dh, oh,

— = d T,= . 87

bn 0P, 0 TMT By @7
In view of (54), (55), (86) and (87) we obtain

hy(Py, 51) = Tf*h(P, St) (88)
and

T, = T*T;. (89)

The equation of state of the generalized fluid may now be obtained from (54), (82)-
(84), (89) when substituted into (81)

VAT52BP, (BPy— A+ /AZ+2BP) _ap

- ~ 470 90
Pn BRT, RT, ©0)

Hence, we note that the density of the generalized fluid becomes dependent only on
the temperature of this fluid.

In what follows we will describe the roll of Forchheimer terms by comparing
shock tube experiments and numerical simulation of compaction waves traveling
through a 1-D saturated thermoelastic porous medium.

5. Numerical Solution for Compaction Waves in a 1-D Saturated
Thermoelastic Porous Medium

During the second time interval, compaction wave equations are formed. The 1-D
balance equations of mass, momentum and energy of the fluid ((1), (23) and (25),
respectively) and of the solid ((2), (24) and (26), respectively) when written in a
vector form (Levy et al. [34]) become

aU oF

E"'a:Q. (91)

The variables vector U, is defined by
U= [rf9rSv mg¢, mg, Ef, ES]T9 (92)
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where

V2
re=¢p;, me=reVy, Ef=ries=r¢ (Cfo+_2f)’
V2

rs=(1—=@)ps, ms=rV;, EsE"ses=rs(CsTs+_s

:)

e denotes the total energy per mass unit of the o phase. The flux vector F, is given
by

(93)

B ms T
myg
Mmoo
f
F= (94)
m
— —o/+ (1 —¢T7)P
s
m
— (Et + T¢¢P)
re
ms l *
—I[Es — o, + (1 — ¢TI P]
L 75 J
The source vector Q, is given by
[ T
P28 _ M s (ﬁ_’_"ﬁ)
ax re rs re rs
Q=| _gpd  pp|m_ms (ﬂ_ﬁa> : (95)
ax re rs re rs
ms [Tf*P% L (ﬁ _ m_)]
rs ax re re re rs
my [_Tf*Pa_d’ B | s (ﬂ _ m_>]
| 7 ax re rs re rs _

in which F denotes the Forchheimer coefficient for an isotropic solid matrix. The
pressure P, is prescribed by the equation of state

m2
¢P=(y -1 (Ef - —f) ; (96)
2rf
where y denotes the specific heat capacity ratio of the fluid phase.
The porosity ¢, and the skeleton strain ey, can be expressed as
p=1-2, eu=1-2. 97)

S

Isy
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In view of (10) we can express the constitutive relation for the effective stress o, in
the form

_ E E 2 2
as’=Ee<rs° rs)—ET(—S——S—Q—5+’"S"), (98)

o re reo  2r2 2r520

in which E.(= A + u}), Er(= n/C,) are the one-dimensional macroscopic Lame
coefficients for a thermoelastic solid and the subscript ( )50 denotes the solid properties
at an initial state.

The set (91) of six partial differential governing equations defined by (92), (94)
and (95) are to be solved for six unknowns namely, r¢, rs, me, mg, E¢ and Eg. Con-
sequently, in principle given the appropriate conditions, the set is complete and can
be solved. However, due to the complexity of the equations, an analytical solution of
the set is not feasible. Instead, a numerical solution has been performed.

Note that in writing (91) we assumed that the gradients of the porosity were very
small and therefore they might be written as source terms in the source vector Q, given
by (95). As a result the source vector Q, contains derivative terms and thus affects
the character of the equations (hyperbolic rather than elliptic-hyperbolic). This is
very convenient for numerical purposes and is correct only when the gradients of the
porosity are very small as is the case in this study. Applying this procedure removes
the ill-posedness associated with the elliptic-hyperbolic character of the equations
which is usually manifested in highly oscillatory solutions as the mesh is refined.

The numerical scheme for solving (91) is based on an upwind 7VD shock-
capturing scheme, originally developed by Harten [23], which was extended to solve
the problem of compaction waves propagation in saturated thermoelastic porous
media.

6. Experimental Study

The head-on collision of planar shock waves with rigid porous materials was inves-
tigated experimentally in order to validate the predictions of the physical model and
the numerical code. The experiments were conducted in a 75 mm x 75 mm shock
tube. The incident shock wave Mach number range was 1.2 < M; < 1.7, the initial
pressures and temperatures throughout the experimental study were about 830 mbar
and 288 K, respectively.

The rigid porous samples were made of silicon carbide (SiC) and alumina (Al,O3).
The SiC manufactured porous material had either 10 or 20 pores per inch and
the Al,O3; manufactured porous material had either 30 or 40 pores per inch. The
porosity of these porous materials as well as the initial length Lo, of the samples
which were cut from these materials are given in Table III. The porosity ¢, was
simply calculated from ¢ = 1 — py/ps, Where py, is the bulk density of the porous
material and p, the material density of the skeleton of which the porous material is
made. Note that the above expression is limited to gas saturated porous materials
as was the case in the present study. The cross-section dimensions of the samples
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Figure 1. Schematic illustration of the experimental set-up and the location of the pressure
transducers (numbered 1 to §).

were 75 mm X 75 mm and hence, as a result of the head-on collision with the shock
wave they underwent a uni-axial strain (also known as tri-axial stress) compression.
Twelve experiments were conducted with each sample. The samples were mounted
at the end of the driven section of the shock tube in such a way that their back edges
were supported by the shock-tube end-wall.

A schematic illustration of the experimental set-up used during the course of the
experimental study is shown in Figure 1. Seven pressure transducer ports were used
in each experiment. The pressure transducers in ports 1 and 2 were used to measure
the incident shock wave velocity. Pressure transducers were mounted in ports 4, 5, 6,
7 and 8 for the samples having an initial length up to (inclusive) 83 mm (see Table III).
For the alumina sample with an initial length of 99 mm the pressure transducer of
port 4 was moved to port 3. This was done in order to have a measurement of the
pressure changes caused by the shock wave which reflected backwards from the front
edge of the porous material.

7. Comparison Between the Numerical Predictions and
the Experimental Results

In order to validate the physical model and the numerical code, the governing equa-
tions were solved numerically for different samples and a variety of initial conditions
and compared to experimental results. In order to solve the governing equations and
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compare the solution to the experimental results, the various parameters which appear
in the physical model namely: the macroscopic Lame coefficients for a thermoelastic
solid E, and E7, the Forchheimer factor F, the fluid tortuosity 7¢*, and the intrinsic
density of the solid matrix ps, which appear in the physical model had to be estimated
for each sample. Based on the properties of the materials of which the samples were
made of and the fact that the upper limit of the elastic stress reduces when the
porosity increases, in a (1 — ¢)?> manner, Gibson and Ashby [19], the magnitudes of
the macroscopic Lame coefficients E, and E7, were estimated to be identical for all
the samples:

E. =380x 10" Pa and E7 =26.207 Kg/m>.

The intrinsic density of the solid matrix for all the samples (SiC and Al,O3), as
provided by the manufacturer, was

ps = 2000 + 60 Kg/m>.

The tortuosity factors T, for the various samples were found by estimating the
ratio between the speed of sound of the air inside the porous medium gy and that in
pure air a (Li et al. [36]),

(ﬁ)z (- +yI) Ty
. :

99)

a

The Forchheimer factors F, for the various samples where found experimentally. In
these experiments, each sample was mounted in a pipe and the pressure drop across
it was measured as a function of the air flow rate. The pressure drop was found to be
a parabolic function of the air velocity. This was done by assuming that the pressure
drop depends linearly on the length of the sample. The values of the tortuosity and
the Forchheimer factors, as obtained experimentally for the various samples, are
presented in Table III.

In order to validate the physical model, (91) was solved numerically for different
samples and initial conditions and compared to experimental results. Table IV repre-
sents the initial conditions of 18 different experiments. The comparison between the

Table III. The Forchheimer (F) and the tortuosity (T7) factors, porosity (¢) and sample
length (L) for the different samples

Sample Sample Poresper F iy ¢ Ly
material type inch (ppi) (1/m) (mm)
Silicon carbide I 10 300 0.7 0.728+0.016 40,60, 81
(SiC) II 20 500 0.7 0.745 £ 0.001 41,62, 83
Alumina I 30 900 0.75 0.814+0.010 48,93

(Al03) v 40 1800 0.75 0.821 £0.007 50,99
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Table IV. The initial conditions for the various experiments

Test Sample  Sample Initial Initial Shock Mach
number material length [mm] pressure (KPa) temperature (K) number-M;
1 40 83.04 290.0 1.378

2 SiC 60 83.11 290.5 1.385

3 81 83.41 290.5 1.377

4 10 ppi 81 83.71 289.5 1.543

5 81 83.70 290.5 1.734

11 48 82.84 292.0 1.374

12 Al,O3 93 83.41 290.5 1.377

13 30 ppi 93 83.36 291.0 1.539

14 93 83.12 291.5 1.744

15 50 83.09 292.0 1.374

16 Al,O3 50 83.08 292.5 1.545

17 40 ppi 50 83.10 292.5 1.741

18 99 83.16 290.5 1.377

predictions of the numerical simulations and the experimental results, for all the cases
appearing in Table IV. In what follows, we will present two of these comparisons the
experiments of which are listed in Table IV as test numbers 1 and 13.

Figures 2(a)—(e) and 3(a)-(e) represent typical experimental results and their
numerical simulations for SiC and Al,O3 samples, respectively. P is the pressure
ahead of both the incident and the transmitted shock waves, P, is the theoretical
pressure which should have been reached behind the incident shock wave, and Ps
is the theoretical pressure which should have been reached had the incident shock
wave reflected head-on from a solid surface. The symbols represent the experimental
results, the solid lines are the numerically predicted values when accounting for
Forchheimer terms and the dash-dot lines represent the simulations without Forch-
heimer terms. The pressure histories of the pure gas just ahead of the front edge of the
porous sample are shown in Figure 2(a); Figure 2(b) for the SiC and Figure 3(a) for the
Al,Os. The pressure histories of the gas occupying the pores of the porous material
along the shock tube side-wall and at its end-wall are shown in Figures 2(c)—(e) for
the SiC samples and Figures 3(a)—(e) for the Al,O3 samples.

Figures 2 and 3, clearly emphasize the advantage of simulations with Forchheimer
terms in retrieving the experimental observations. Major differences between the
two cases are evident. While the simulations without Forchheimer terms, (dashed
doted lines) do not agree with the experimental results, simulations with Forchheimer
terms (solid lines) results in predictions which excellently reproduce the experiments.
‘When Forchheimer terms are neglected the shock waves which are reflected, head-on,
from the front edge of the porous sample, are weaker than those obtained when the
Forchheimer terms are accounted for (compare the second jump in pressure traces
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Figure 2. Typical experimental results and their numerical simulations with a 40 mm long
sample made of SiC having 10 pores per inch (sample I in Table IIT). The incident shock
wave Mach number in this experiment was M; = 1.378 (test number 1 in Table IV). The
pressure histories of the pure gas just ahead of the front edge of the porous material are
shown in Figures 2(a) and 3(b). The pressure histories of the gas occupying the pores
of the porous material along the shock tube side-wall and at its end-wall are shown in
Figures 2(c)—(e), respectively. The symbols represent the experimental results, the solid lines
are the numerically predicted values when accounting for Forchheimer terms and the dash-dot
lines represent the simulations without Forchheimer terms. P; is the pressure ahead of both
the incident and the transmitted shock waves, P; is the theoretical pressure which should have
been reached behind the incident shock wave, and Ps is the theoretical pressure which would
have been reached had the incident shock wave reflected head-on from a solid end-wall.

shown in Figures 2(a), 2(b) and 3(a)). These figures also indicate that when the
Forchheimer terms are neglected, a sharp shock wave is transmitted at a later time
from the porous material into the gaseous phase resulting in a third jump in pressure
longer than Ps. These high pressures are later decayed by the transmitted expansion
waves and reach as expected the value of Ps.
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Figure 3. Typical experimental results and their numerical simulations with a 93 mm long
sample made of Al,O3 having 30 pores per inch (sample III in Table IIT). The incident shock
wave Mach number in this experiment was M; = 1.539 (test number 13 in Table IV). The
pressure histories of the pure gas just ahead of the front edge of the porous material are shown
in Figure 3(a). The pressure histories of the gas occupying the pores of the porous material
along the shock tube side-wall and at its end-wall are shown in Figures 3(b)—(e), respec-
tively. The symbols represent the experimental results, the solid lines are the numerically
predicted values when accounting for Forchheimer terms and the dash-dot lines represent the
simulations without Forchheimer terms. P;, P» and Ps are defined in the caption of Figure 2.

In addition, as a result of the neglection of the Forchheimer terms, the shock waves
which are transmitted into the porous material samples do not develop a dispersed
structure, as is the situation in reality. Instead, they maintain their sharp fronts. The
fact that the transmitted shock waves maintain their sharp structure result in a jump
to pressures larger than P, behind them (see the sharp jumps in the pressures inside
the porous samples in Figures 2(c), 2(d), 3(c) and 3(d)). Figures 2(e) and 3(e) in
which the pressure histories at the back edge of the porous samples (that is at the
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shock tube end-wall) are shown again, indicate that when the Forchheimer terms
are neglected, in contrast to the experimental results, sharp shock waves reach the
end-wall. The reason for the above-mentioned differences lies in the fact that the
Forchheimer terms emphasize the friction between the two phases and as a result
increase the rate of momentum exchange. This, in turn, results in a situation in which
much larger impulses [ P dt, are predicted numerically when the Forchheimer terms
are neglected.

It is clearly evident from these comparisons that the agreement between the
experimental results and the numerical predictions is very good. Note that there are
disagreements between the numerical and the experimental positions of the reflected
shock wave after it traveled to a relatively long distance from the front edges of the
samples (see Figures 2(a) and 3(a)). The agreement regarding the reflected shock
wave position was better in the case of low incident shock wave Mach numbers
and short samples. This may be caused by the way the porosity gradient terms were
treated in the source vector Q.

Although Figures 2(a)—(e) and 3(a)—(e) describe the results of only two typical ex-
periments, one in the SiC sample and one in an alumina (Al,O3) sample, similar good
to excellent agreements were obtained in the comparisons with all the experiments
which were conducted by Levy [29].

8. Sensitivity Analysis

The developed macroscopic model also accounts for geometrical properties. Hence,
for example, the speed of the wave is not only based on properties of the phases
but also a function of the porous material structure. Some macroscopic parameters
which resulted from the averaging process were the tortuosity factor which represents
a tensor associated with the matrix directional cosines, the hydraulic radius of the
pore spaces and the porosity which represents the volume fraction of the pores filled
by the fluid. As was also shown, a most important factor is the Forchheimer tensor
accounting for the microscopic inertia exchange between the phases at the solid/fluid
interface. In what follows, we will present a 1-D numerical parametric study of the
flow field which develops when a planar shock wave strikes a rigid porous material
head-on. This is done in terms of studying the effect of the tortuosity, Forchheimer
and Lamé coefficients and the initial porosity in the case of a 81 mm long sample of
SiC and an incident shock wave having a Mach number M; = 1.377.

8.1. THE TORTUOSITY EFFECT

The dependence of the pressure field on the tortuosity is shown in Figures 4(a)—(c).
It is evident from Figure 4(a) that the compression (shock) wave velocity increases
as the tortuosity increases. It also indicates that the pressure rise is faster when the
tortuosity is larger. It is evident from Figure 4(c) that the reflected shock wave moves
faster when the tortuosity is smaller.
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Figure 4. The influence of the tortuosity on the pressure: (a) at the back edge of the sample,
(b) at the front edge of the sample and (c) 42 cm ahead of the sample. The sample was made
of SiC and it was 81 mm long. The incident shock wave Mach number was M; = 1.377.

The influence of the tortuosity on the fluid velocity, at the front edge and ahead
of the sample, is shown in Figures 5(a) and 5(b), respectively. We note that the final
velocity values become larger for smaller tortuosities.

It is important to note here that two waves are transmitted into the porous material
when the incident shock wave strikes it. The first is a very rapid compaction wave
which propogates in the solid matrix, and the second is a compression (shock) wave
which propagates through the gaseous phase occupying the pores. These waves
interact at the solid/fluid interfaces of the porous material. The compaction wave,
which is very fast, is responsible for the fast porosity changes.
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Figure 5. The influence of the tortuosity on the fluid velocity: (a) at the front edge of the

sample and (b) 42 cm ahead of the sample. The sample was made of SiC and it was 81 mm

long. The incident shock wave Mach number was M; = 1.377.

©

Although not demonstrated, we concluded that practically the porosity could be
assumed to be constant and independent of the tortuosity.

Similarly, the solid matrix velocity was found to be practically independent of the
tortuosity. Smaller tortuosities result in larger normal stress. However, given enough
time after the initiation of the interaction the finally obtained normal stresses becomes
independent of the tortuosity.

8.2. THE FORCHHEIMER FACTOR EFFECT

The dependence of the pressure field on the Forchheimer factor is depicted in
Figures 6(a)—(c). We note from Figure 6(a) that the compression (shock) wave
velocity is not influenced by the Forchheimer factor as the profiles for the various
Forchheimer factors start to rise at the same time. The finally obtained pressure is also
seen to be independent of the Forchheimer factor. However, the pressure rises faster



94 S. SOREK ET AL.

3.5+ !
——— F =250 1/m e ]
3 £ BE=300.1/m ':-:"" E
f— - —-- EF =350 1/m /%7 E
2.5-F =400 1/ 5 3
g 5 f
2-f 3
= 5 V-4 :
- 7s" 3
1.5F f ]
1 ]
F (a)
o.s-F
o 0.5 1 1.5 2 2.5 3
time [msec)
3.5
| prm—t———
3 o - r/ =
I o _ E
2.5-F 72 —t_ E=250_1/m]
= F ----+ F =300 1/m]
g 2+ m=amck. . F=350.1/m]
I N - B =400 1/m]
T NSRRI SRS NSO — E
F b) 7
o.s-F 3
o 0.5 1 1.5 2 2.5 3
time [msec])

357 F=2501 T 3
F ——— F = /m 3
3F £.=300.-1/m /‘(,‘-n‘ﬂ' 3
F— - — - - F =350 1/m > 3
2.5¢ F-=-408-1/m 3
2 2+ E
. 3 ]
1.5F ]
1 E ]
() 3

0.5
o 0.5 1 1.5 2 2.5 3

time [msec)

Figure 6. The influence of the Forchheimer coefficient on the pressure: (a) at the back edge
of the sample, (b) at the front edge of the sample and (c) 42 cm ahead of the sample. The
sample was made of SiC and it was 81 mm long. The incident shock wave Mach number
was M; = 1.377.

for smaller Forchheimer factors. Figures 6(b) and 6(c) demonstrate, respectively, that
the pressures at the front edge of the sample and ahead of it are less influenced by
the Forchheimer factor.

In view of Figure 7 we note that different Forchheimer factors can result in fluid
velocity differences of up to 7 m/s (for example at about 1 and 2 ms in Figure 7(a)).
However, the finally obtained fluid velocities are independent of the Forchheimer
factor.
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Figure 7. The influence of the Forchheimer coefficient on the fluid velocity: (a) at the front
edge of the sample and (b) 42 cm ahead of the sample. The sample was made of SiC and it
was 81 mm long. The incident shock wave Mach number was M; = 1.377.

8.3. THE EFFECT OF THE LAME COEFFICIENTS

The effect of the Lamé E, (= A + u;) coefficient was most noticeable on the normal
stress profiles (Figure 8). It is demonstrated that the normal stresses reach higher
values for the smallest value of E,. In addition, the finally obtained values of the
normal stress are constant and they are independent of E,. It should also be noted
that the compression (shock) wave reaches the back edge of the sample faster for
larger values of E. The difference in the time of arrival between E, = 380 x 10%
Pa and E, = 380 x 108 Pa is about 90 ms.

8.4. THE INITIAL POROSITY EFFECT

A significant dependence on the initial porosity was exhibited for the normal stress
distribution (Figure 9). Larger porosity values, yield higher normal stresses. For
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Figure 8. The influence of the E, (= ! + u,) Lamé coefficient on the normal stress: (a) at
the back edge of the sample and (b) at the front edge of the sample. The sample was made
of SiC and it was 81 mm long. The incident shock wave Mach number was M; = 1.377.

example, Figure 9(a) indicates that at the rear edge for ¢p = 0.68 we obtain
(0s)max =~ 6.9 KPa while ¢p = 0.78 yields (o5)max ~ 9.5 KPa.

9. Conclusions

Macroscopic balance equations of mass, momentum and energy are described for
the case of saturated thermoelastic porous media.

We show that microscopic terms of momentum should be accounted for at the
interfaces between the solid and the fluid phases. These microscopic terms lead to
the macroscopic Forchheimer terms. The macroscopic terms, represent sources of
momentum and energy that are exchanged between the fluid phases and the solid
phase, at their solid—fluid interfaces.

In the case of the phases momentum balance equation we present a separate
momentum balance equation for the fluid accounting for momentum flux terms,
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Figure 9. The influence of the initial porosity on the normal stress: (a) at the back edge of
the sample and (b) at the front edge of the sample. The sample was made of SiC and it was
81 mm long. The incident shock wave Mach number was M; = 1.377.

deviating from the macroscopic ones. These were assumed to be negligible in compar-
ison to the averaged, macroscopic terms. The solution of this second-order equation,
subjected to boundary and initial conditions similar to the macroscopic counterpart,
will improve the conservation of the momentum balance especially for heterogeneous
media and high velocities, which may produce significant variations from the average
momentum flux terms.

Nondimensional analysis of the balance equations, after the onset of abrupt change
in fluids’ pressure and temperature, provide the theoretical basis for obtaining domi-
nant balance equations that conform to wave equations. Four different simplified 1-D
analytical solutions are then presented. The first considering post compaction wave
for small porosity values, considering incompressible solid phase. The second for a
compressible solid phase and a matrix of very small porosity values. Both models
are compared with experimental observations of head-on collision of planar shock
waves with air saturated rigid porous materials. These prove to yield good results.
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The third and the fourth analytical solutions, refer to traveling weak waves in the
horizontal direction. In both models, the fluid mass balance equation or its momentum
balance equation conform to a pressure wave equation, with gas and matrix quantities
that can be evaluated analytically. The third model refers to an isothermal case while
the fourth accounts for nonisothermal conditions.

Numerical simulations of compaction waves in a 1-D saturated porous medium,
are then compared with shock tube experiments. These simulations were done with
and without Forchheimer terms. The case of accounting for Forchheimer terms
demonstrates almost no deviation from experimental results and was by far better
than the case when we did not include these terms.
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